Non-monotonic entanglement of physical EM field states in non-inertial frames 
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We develop a general technique to analyse the quantum effects of acceleration on realistic spatially- 
localised electromagnetic field states entangled in the polarization degree of freedom. We show that 
for this setting, quantum entanglement may build up as the acceleration increases, providing a clear 
signature of the quantum effects of relativistic acceleration. 
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I. INTRODUCTION 

One of the most widely known results in relativistic 
quantum information is the notion that acceleration may 
have non-trivial effects on entanglement. A number of 
works have studied this issue through transformations be- 
tween inertial and accelerated Fock bases (among many 
others, PHI])- Previous results considered tailored fam- 
ilies of states which greatly simplified calculations but 
whose physical interpretation was not clear. Recently, 
@ introduced a projective detector model which con- 
stitutes a promising new approach to the issue of field 
entanglement in non-inertial frames. It was shown in 
Q that such detectors present the expected thermal re- 
sponse to the inertial vacuum state of the field (i.e. the 
Unruh effect |(|) and the model provides a good effec- 
tive description of particle detection. In this paper, we 
will use this projective model as a practical method to 
study field entanglement for localised two single-photon 
bipartite electromagnetic field states. 

There are, however, two different approaches to use the 
projective model introduced in Here, we will develop 
a technique to analyse states by working out the Bogoli- 
ubov transformations and the change of basis inertial- 
accelerated modes in some approximate but physically 
feasible scenario. A different technique, that allows to 
obtain exact results for Gaussian states without going 
through the Bogoliubov coefficients calculation, is being 
developed and will appear elsewhere 0. 

While the latter can be very handy to analyse squeezed 
states such as those produced in parametric down con- 
version, it is not clear to what extent it can be used to 
analyse two single-photon states as those studied in this 
paper. Due to the relevance of non-monotonic entangle- 
ment behaviour reported here in the two single-photon 
regime, it is worth exploring the first approach. Also, 
the computation of the Bogoliubov transformations be- 
tween localised inertial and accelerated Fock bases is of 
much interest in itself for its possible future use. 

Let us use the detector model mentioned above [|[ 
to explore bipartite entanglement for two single-photon 
states entangled in helicities with a Gaussian spread in 
frequencies. This spatially localised system is observed 
by two partners: an inertial one, Alice, looking at one of 
the photons, and an accelerated one, Rob, observing the 
other photon. 



The practical limiting factor of the general formal- 
ism presented in this paper is computational complexity, 
which may grow very quickly for some cases of interest. 
We study for which physical regimes results can be given 
within current computing power, and suggest how the 
computational issues of the formalism may be overcome 
beyond that. 



II. SETTING 

We will consider two different observers, Alice and 
Rob. They are interested in studying field correlations in 
the electromagnetic field @. Alice is an inertial observer, 
while Rob undergoes a motion with constant proper ac- 
celeration a and acceleration frequency a = a/c. 

Rob's trajectory is best described in terms of Rindler 
coordinates. We introduce two sets of Rindler coordi- 
nates (£± , t± ) whose relation with the Minkowskian co- 
ordinates (x, t) is 



ct = ± £± sinh (ar±) 



±£± cosh (ar±) , (1) 



with x > \t\ for (£ +! T+) and x < —\t\ for (£_,r_). These 
coordinates naturally define two globally hyperbolic and 
causally disconnected submanifolds in flat spacctime, 
each being the mirror image of the other, which we call 
regions I and II following the standard notation of [H, H| . 
Any field theory in flat spacetime can be regarded as two 
independent field theories, one in each of these regions 
Q. Without loss of generality we place Rob in Region I. 
No operations will be carried out involving measurement 
or communication with region II. Although we make use 
of some mathematical constructions which mix region I 
and region II operators, we do so merely as a convenient 
computational tool. Our results are independent of what- 
ever happens in the causally disconnected region II, thus, 
the entanglement we find is of a different nature to that 
present in the Minkowski vacuum state, which displays 
correlations between regions I and II Q. 

At this point, there are two paths to go through. On 
one hand, we might take a specific model for Alice's 
and Rob's detectors (such as Unruh-DeWitt), prepare 
the detectors in a particular state and then let the field- 
detectors system evolve. After some time the detectors 
would lose and gain entanglement due to the non-trivial 
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effects of Rob's acceleration. Recent examples of this 
approach are found in (Iol - [T2| . 

Still, this method has the drawback of being dramati- 
cally dependent on the details of the detector model as- 
sumed and it is very difficult to explore beyond first order 
perturbation theory or inside small cavities. Besides, de- 
pending on the model, the detectors may not inherit all 
the field correlations and may develop further correla- 
tions owing to the specific form of the interaction which 
do not come directly from field entanglement. 

On the other hand, field entanglement has been suc- 
cessfully studied for decades by means of projective mea- 
surements on the field state, independently of any de- 
tector model. Entanglement between correlated photon 
pairs is usually accessed this way [l3| . This approach also 
avoids all the complications associated with the detector- 
dependent settings previously discussed. This is the orig- 
inal approach used (among others) in [l]-0, [IH with com- 
pletely delocalised Unruh modes In this line, us- 
ing the localised projective detector formalism developed 
in Q we do not face any problem coming from non- 
locality and acceleration dependence associated to the 
Unruh modes. 



III. PROCEDURE 

As common in the literature [l|, , the Fock space for 
Alice will be constructed in terms of Minkowski creation 
operators aj, a acting on the Minkowski vacuum state 



10).., defined by 



(2) 



Here, a £ {f, 1} denotes hclicity. 

Rob, as an accelerated observer, will build his Fock 
basis by means of Rindler modes. In this case, the Fock 
space will be constructed in terms of Rindler creation 
operators : (and their complement n ) acting on 
the Rindler vacuum state |0) TC , defined by 



an,a.i |0) w = an,<r,n \0) n = 0. 



The Rindler modes are labeled by their dimensionless 
Rindler frequency f2 = f2'/a, where f2' is the Rindler 
frequency. 

Let us consider that Alice and Rob carry detectors ca- 
pable of exploring a particular set of modes of the field, 
but without assuming anything about the particular de- 
tector model. Rob's associated field vacuum is not \0} M , 
but rather, the Rindler vacuum |0) TC . This means that 
Rob will be able to make projective measurements in the 
subspace spanned by the basis 



6= {^T ( ^ ri ° >TC '^T ( ^ r|0>TC|ne 



(4) 



with the operators c?J, which create one 'detector mode' 
excitation, being a linear combination of Rindler creation 



operators of definite helicity, 



/>oo 

4 = / dn g (n)al aJ . 

Jo 



(5) 



We will analyse a very general family of arbitrarily 
spatially localised entangled states of the form 



l*>=^A|3>Rob + QI&>Al!/>Rob> l P P 



= 1. 

(6) 



Here, the states |a;) Rob and |y) Rob will be a pair of 
Minkowskian wavepacket one-particle excitations of op- 
posite hclicities, i.e. 



Rob 



duj x(uj)al t ) |0) 



I M ' 



/Rob 



duj y(u)al tl ) |0)^ 



(7) 



|a) A and |6) A can be assumed to be a pair of Minkowskian 
wavepackets similar to |a;) Rob and |?/) Rob . 

As Rob will probe his part of the field state by means 
of projective measurements on the basis ((4|), to compute 
the effect of these measurements we will have to express 
first |a;) Rob and |y) Rob in the Rindler basis. 

This change of basis is most easily computed via an 
intermediate change to the so-called Unruh modes. For 
bosonic fields, the Unruh modes are defined in terms of 
the Rindler modes by 



aR,f!,a = cosh raa^n. a - sinh rnaJ I O _ a , 
ah,n,a = coshroaii : Q ; _ CT - sinh roa[ 



(8) 



with tanhro = e 

The advantage of these modes is that the Minkowski 
vacuum factorises as Q 



|0) 



M 



|0) n .t |0) 



(9) 



(3) where a R ^,* |0) 



a L,0,a |0) 



0. The explicit 



form of |0)q„ in terms of Rindler modes has been found 
elsewhere [15J. Eq. © implies that the Unruh and 
Minkowski modes share the same vacuum state, this 
meaning that Minkowski-Unruh change of basis preserves 
the number of particles. Therefore, we may express 
as 



|z) Ro b and 



/Rob 



|z>Rob = / dfio£ n sM ItRfi) + / dtock a x(w) |t L n) 



|y>Rob = / dfia£hv(w) I'M + / dnat n y(uj) || 
with \<rxn)=a^ a \0) M , X = {L,R} 



VLSI) 



(10) 



where the <x^ Q are the coefficients of the relevant change 
of basis, which are computed for a scalar field in Q and 
adapted for an electromagnetic field in [l5j . 
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Substituting (fTO)) in (|6]), we finally express |\&) as 
a linear combination of states entangled between Al- 
ice's modes and Unruh modes of the form |ct<7r)q = 



(?l4 



L,n, ( 



9R a Ln !( r) I°)jh> (?l being such that \q K \ 2 



\qh\ = !> 9R > Namely, 



dfi|$) n , |$>n = l^)n QS) l°>n. ( n ) 
)a = Pn \a) A |t <7ri) s + |&> A |4 ?R 2 )n . (12) 

Rob Rob 



These states 



are precisely those studied in previous 



works on field entanglement in non-inertial frames [H, ED, 
[l6j . and their form in the Rindler basis is well known. 
We remark that, in contrast to previous works [l], [H, [H, 
[Til ], the state © (and consequently (fTTjl ) is the same no 
matter the acceleration of Rob. 

Now, we recall that Rob's detector probes the non- 
monochromatic modes ([5]). To build a complete ba- 
sis of the Fock space, we need to complete (|5|) with 
their orthogonal complement D± = {ct^aj . . .} where 
a\ are one-particle creation operators so that S = 
{dl, d\, <x\, a\ ■ ■ •} is complete. In this basis, for a state 
| Til n>2 ■ ■ •) the detector will only be sensitive to the first 
two entries, which correspond to the detector modes. All 
we need to do then is tracing out the irrelevant set of 
modes a\,...a n . We will end up with a reduced field 
state containing all the field entanglement accessible to 
our detector. At this point, we may quantify this en- 
tanglement through any suitable entanglement measure, 
such as the negativity 
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Note that the previous results reported in [l], 0, 13, 13 
correspond to the choice of |a;) Rob and \y) Koh to be Un- 
ruh excitations of a single fixed frequency Afield, and 
imposing a detector profile in adimcnsional frequencies 
g(d) = 5(n — f2dot)- ln order to probe the entangle- 
ment for those simple modes, these works used a single- 
frequency detector with fixed f2 det , which would cou- 
ple to a dimensionless Rindler frequency fidct = Q' det /a. 
That means that the f2 really probed by the detector 
depends on its acceleration. For each acceleration a, 
the field state was chosen peaked around a certain di- 
mensionless Rindler frequency f2g c id(a), so as to always 
have fifioid = Q'de,t/ a - In contrast, using the projective 
detector model [5[ we can probe the same acceleration- 
independent field state. 

Peaked detectors.- With the formalism above, we may 
consider a physical state and look at the behaviour of 
entanglement with acceleration on a peaked distribution 
of Rindler frequencies. Although we will discuss below 
that our formalism can be extended to arbitrarily spa- 
tially smeared detectors, this is a most reasonable first 
step towards the study of realistic experimental scenar- 
ios. Approximately single-frequency detector modes have 
been constructed in [i[ and constitute a nice and simple 
starting point. Such a detector mode will be spread in 
space with some finite characteristic length dependent on 
the frequency spread. 



Let us consider the state 
Gaussian mode profiles, 



with P = Q = l/S/2 and 



(13) 



If we choose |a) A and |6) A as another pair of Gaussian 
modes centered at a frequency far from wo, then ([6]) rep- 
resents a normalised version of a two single-photon field 
state maximally entangled in polarisations. 

We now introduce a realistic approximation for a 
single-mode detector for Rob by caracterising its spec- 
tral decomposition in terms of Rindler modes as 



9det (n') = Aft' d( ! t /2 n 



ft' - a; 



del 



(14) 



where Tl(x) is the unit step function, the characteristic 
function of the [—-5,5] interval. A plot of this frequency 
profile is shown in Fig. 1. 



1 GHz 



AW = 2 MHz 



Figure 1. Frequency profile of the simplified detector mode 
considered in the text. 



After tracing out the unobserved field frequencies 
through eqs. (fTTj) and (TT2"1) . we compute the negativity of 
the relevant reduced state as a function of the accelera- 
tion. In order to make this calculation simpler we assume 
that 



! '!i dct -A(l dct /2 ~ r n dct ~ ^O dct +An dot /2- 



(15) 



From definition © we find that for (fT5j) to hold one 
must have 



r n dot 



din r n 



dVL 



dot 

^dct 



dot 



atanh(e- Tn det)(l 



-27rJ2 d 



<C0.1 (16) 



which assuming a quality factor Q = fidct/Afidct = 500 
(the typical value for microwave filters) happens to be 
valid for f2 d ot = ^dot/ a ~ 10- Considering Sl dct = 1 
GHz, that implies we must have a = ac > 3 • 10 1 m/s 2 . 
In this regime, we may assure that the observed effects 
are the direct consequence of Rob's acceleration, without 
any other effects playing any important role. 
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Figure [2] shows our results for a reasonable choice of 
the relevant parameters, along with the Rindler spread of 
the state (the coefficients of the left and right excitations 

in cnn). 
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glement distillation [18( could be implemented to detect 
entanglement generation due to acceleration and there- 
fore provide an unmistakable witness of the Unruh ef- 
fect, easier to detect than the entanglement degradation 
reported in [l|, Q and others. 
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Figure 3. Localised Rindler frequency spread of the Gaussian- 
localised Minkowskian state (|13|) for wo = 1 Ghz and a — 0.01 
Ghz, for 5 = 3- 10 17 m/s 2 . A detector mode with this profile 
in Rindler frequencies would be maximally tuned to the field 
state being probed and therefore would result in much higher 
entanglements, fio comes from an appropriate phase choice 
of the Minkowskian state. 



Figure 2. (a) Negativity as a function of Rob's acceleration 
for the field state (O with Gaussian profiles (|13|) with a — 
0.01 GHz, ujq — 1 GHz. The Rindler spread of the detector 
mode is A = 2 MHz. (b) Rindler spread of the field state, 
defined in (|10[1 . as a function of Rob's acceleration via the 
map £7 = 0,' d /a, with detector Rindler dimensionful frequency 
fl'd = 1 GHz. The inset provides a logarithmic scale of the 
profile. 



Remarkably, the entanglement amplification phe- 
nomenon first reported in [L4| still survives in this more 
physical scenario, and in fact it is present in single-photon 
entangled states. 

Note that the amount of entanglement shown in Fig [2] 
is very small. This responds only to the fact that, in this 
example, we are considering a ultra-narrow-band detec- 
tor: When looked at from the accelerated frame, the lo- 
calised Minkowskian states spread over a broad Rindler 
frequency spectrum. In the simple example presented 
here we analyse correlations only for a highly peaked 
frequency spectrum of Rindler frequencies, so a great 
amount of the entanglement is lost due to the detector 
not seeing all the relevant frequencies. 

In order to see more of the entanglement of the field 
state, we need a detector whose bandwidth is the most 
similar to the Rindler frequency distribution correspond- 
ing to the initial Minkowski wavepacket. Figures[5jD and[3] 
show how a Minkowksi Gaussian wavepacket transforms 
into a well localised state in terms of Rindler modes. If 
the bandwidth of the detector approaches this localised 
distribution of Rindler modes, the amount of entangle- 
ment detected will be much higher. As we will discuss 
below, considering wider-band detectors in this formal- 
ism is straightforward, but it has a price in terms of com- 
putational complexity. 

In any case our results mean that protocols of entan- 



IV. BROADBAND DETECTORS 

Our formalism can be applied to more general detector 
profiles and multimode detection: Once we have deter- 
mined both the state and the detector mode(s), we may 
use (fTTj) to find the relevant reduced state of detector 
modes. We discuss in this section how computational 
difficulties appear when considering a more general de- 
tector with an arbitrary large mode spread and how to 
overcome them. 

Note that (fTTj) for the field state prior to tracing out 
the unobserved degrees of freedom includes a continu- 
ous product of frequencies. This means that to numeri- 
cally obtain a reduced state from it, we need to make a 
sampling in frequencies, and then take a limit of small 
discretisation step. Let us discretise the frequencies so 
as to have m sample points within the spread of g(Q) 
and allow up to n excitations per frequency. Then a 
lower bound in the computational complexity of obtain- 
ing the reduced state can be derived just by computing 
the number of individual operations required to manage 
the sparse matrices involved in the calculation, giving a 
complexity growing as 

0[a{n) m ). (17) 

where a(n) is a monotonously increasing function of n 
satisfying a(n) > 5. Such a huge lower bound gives an 
idea of the intractability of the problem. 

Until a way around the computational problems of a 
large number of frequencies is found, the only procedure 
to study these regimes is through quantum simulations 
and condensed matter analog systems (see e.g. [HI]) or by 
considering field states with convenient properties, such 
as Gaussian states as done in [j| and other families which 
will be treated elsewhere Q. 
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V. CONCLUSIONS 

We have devised a scheme to analyse field entangle- 
ment in non-inertial frames for arbitrary single-photon 
field states and detector frequency response. To do this 
we have used the projective detector model introduced 
in Q. As a particular case, we dealt with reasonable 
electromagnetic field states: We have analysed entangle- 
ment behaviour of a two-mode photon state entangled in 
hclicities. We have shown that the quantum effects of rel- 
ativistic acceleration can actually amplify entanglement 
and not only destroy it. 

Entanglement amplification phenomena have been re- 
ported before for some rather unphysical families of states 
but the present work clearly shows that the effect 
is a genuine consequence of acceleration in less idealised 
field states. 



This formalism allows us to consider very general and 
realistic states. In particular, we have thoroughly anal- 
ysed the case of peaked detectors and studied the rapidly 
scaling computational costs of considering wide-band de- 
tection. These difficulties may be overcome through the 
use of quantum simulations: Instead of using analog sys- 
tems to test predictions, wc may use them to make pre- 
dictions. Also, all the conclusions are exportable to a 
a static black hole scenario by means of the formalism 
developed in [2pj . 
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